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Summary. We present some particular solutions of the creeping modes of a
system of ordinary fractional order differential equations with analysis of
““creeping’ modes. By using these particular solutions and modes, a series of
engineering dynamical systems are investigated and the same ““creeping”
modes' different kinds of system dynamics are identified. Main research
results presented in this review paper are analytical expressions of modes of
three fractional order basic as well as hybrid system vibrations with finite
numbers of degrees of freedoms as well as hybrid system containing
subsystems with coupled deformable bodies by fractional order distributed
standard light elements in the coupling layers. It is shown that two time
modes (partial solutions) are pure periodical, and the corresponding number
of time modes (particular solutions) are “creeping modes™ as results of
elastic and /or creeping properties of deformable bodies and also influence
of the standard light elements to the periodical mode vibrations with
corresponding frequencies.

Chain dynamics of the homogeneous system — sandwich multi beam, multi
plate systems as well as multi pendulum systems are investigated by using
mathematical analogy and phenomenological mapping.

Keywords: Hybrid system, coupled subsystems, coupled dynamics,
deformable body, standard light creep element, fractional order derivative,
time mode, analytical expression, Laplace transform, “creeping” mode,
normal rheolinear modes.

INTRODUCTION

The interest in the study of coupled subsystems, as new qualitative hybrid
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systems, has grown exponentially over the last few years because of the theoretical
challenges involved in the investigation of such systems. A survey as short
introduction-review of author’s research results in area of dynamics of different kinds
of hybrid systems, as well as an analytical approach to the discrete material particle
system dynamics containing creep elements described by fractional order derivative,
are presented.

Mechanics of hereditary medium (material) is presented in scientific literature
by an array of fundamental monographs Rabotnov, Yu.N.[80], Rzhanitsin, A.R. [81],
Savin G. N., Ruschisky Yu. Ya [82]. New Analytical mechanics of discrete hereditary
systems is presented by O.A.Gorosko and K. (Stevanovic) Hedrih in a monograph [8]
and papers [9-12]. Knowledge of Mechanics of hereditary medium as well as
Analytical mechanics of discrete hereditary systems is widely used in engineering
analyses of strength and deformability of constructions made of new construction
materials and presented by different kinds of theoretical models and approaches to
solving problems and to obtained analytical expressions of the system dynamics and
phenomena dynamics.

These fields of mechanics are being intensively developed and filled up with new
research and cited monographs [80-82]. Actuality of that direction of the development
of mechanics is conditioned by engineering practice with utilizing new construction
materials on synthetic base, the mechanical properties of which often have express
creep rheological character.

Nowadays, scale of utilization of these materials can be compared with the
scale on which metals are used. New construction materials possess both high strength
and different useful physical characteristics: dielectric’s properties, radio conductivity,
transparentness, high deformability and low (small) weight are what makes them
irreplaceable in many cases. Successes of chemistry are enabling production of new
synthetic materials with ordered properties.

The university book D.P. Raskovi¢ [78] contains the classical theory of
longitudinal and transversal oscillations of homogeneous rods and beams, and in [73]
we can find mathematical theory of corresponding partial differential equations.
R.E.D Bishop’s paper [3] contains some results on longitudinal waves in beams.

In two papers[64, 65] by K.S. Hedrih and A. Filipovski, the authors present
results of original research on nonlinear and rheolinear oscillations of longitudinal
vibrations of an elastic and rheological rod with variable cross section, which has
application in engineering systems such as ultrasonic transducers, and ultrasonic
concentrator and contain theoretical methods for processing of the vibration state of
the ultrasonic concentrator in the form of a rod with variable cross section.

Transversal vibration beam problem is classical, but in current university books on
vibrations, we can find only the Euler-Bernoulli’s classical partial differential equation
for describing transversal beam vibrations. In some references like Ref. [84] we can
find a nonlinear partial differential equation for describing transversal vibrations of the
beam with nonlinear constitutive stress strain relation of the beam nonlinear ideal
elastic material. In the last time period new models of constitutive stress-strain
relations of rheological new beam materials [3] can be found in the journal. In the
university book [78] of Raskovi¢ extended partial differential equations of transversal
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ideally elastic beam vibration are presented with members by which influences of the
inertia rotation of the beam’s cross section and shear of the cross section by transversal
forces is presented.

Two papers [15,16] by K.S.Hedrih present results on transversal vibrations of
prismatic beam of hereditary material. Series of papers [4,5, 6, 15, 18, 19 27 45, 48,
51, 58] by K.S.Hedrih contain new results on transversal vibrations of prismatic beam
of the hereditary material or of a fractional derivative order constitutive relation of
beam material.

Papers [14, 16, 21, 23, 24, 26, 30, 35, 41, 44, 45, 46, 50, 52, 53, 54-55, 61-64]
contain some models of discrete mechanical system dynamics as well as a method of
discrete continuum [42] with hereditary light standard element as constraints and with
light standard creep element as constraints of the fractional order derivatives in the
behaviour of materials [34]. Standard hereditary element is a constraint in systems
that are investigated and series of the properties of their dynamics are pointed out and
described. Characteristic rheolinear modes with creep properties are expressed by
analytical expressions.

Papers [21, 42, 45] contain some models of discrete continuum with hereditary
light standard elements as the constraints and with light standard creep element as
constraints of the fractional order derivatives in the behaviour of materials. Standard
hereditary element is a constraint in the systems which are investigated and described
in the monograph [9] as in some of cited papers as used elements.

Integral theory of analytical dynamics of discrete hereditary systems is presented in
the monograph [8] and their applications are published in the series of the papers.

In Ref. [7] fractional calculus is mathematically based by corresponding integral
and fractional order differential equations.

Refs. [15] and [16] are in relation to transversal vibrations of the beam of the
hereditary material and the stochastic stability of the beam dynamic shapes,
corresponding to the n-th shape of the beam elastic form.

In paper [1] stochastic stability of viscoelastic systems under bounded noise
excitation by Ariaratnam S. T. is investigated. Ref [51] is a contribution on the
Ariaratnam idea for investigations of transversal vibration of a parametrically excited
beam and influence of rotatory inertia and transverse shear on stochastic stability of
deformable forms and processes. Also, Lyapunov exponents are obtained. Asymptotic
method of averaging is applied in the previous Reference [51] based on the source
monograph by A Mitropolskiy [72-77]. This monograph contains the asymptotic
method of averaging generalized for application to nonstationary nonlinear processes.

University books by D.P. Raskovi¢ [78, 79] contain the classical theory of
strings, beams, plates and shells as well as the longitudinal and transversal oscillation
theory of homogeneous rods and beams, as well as partial differential equations of
static and dynamic equilibrium of rods with different cross sections, plates and shells.

Transversal vibration plates and shells problem is classical, but in current
university books on vibrations, we can find only classical partial differential equations
for describing transversal plate vibrations, as in the case of beams and rods. In some
monographs we can find a FEM method applied to transversal plate and shell
vibrations with nonlinear constitutive stress strain relation of the plates or shells ideal
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elastic material.

In the last time period new models of constitutive stress-strain relations of the
rheological plate new materials can be found in the author’s journal papers and
monograph papers (see References [ 20, 12, 23, 27-20, 31, 34, 37, 47, 57, 60, 57, 70]).

A series of previously cited papers by Hedrih contain analytical results of multi
plate, multi beam and multi belt system vibrations where plates or beams or belts are
coupled by standard light elastic, or hereditary or creep elements distributed between
listed deformable bodies.

Some author’s initial results of partial fractional order differential equations of
creeping and vibrations of plate are presented as a short lecture at ESMC in
Thessalonki in 2003, and published in Book of short Abstracts as well as in the sixth
pages short journal paper published in Reference [34]. In this Reference [34] a
fractional-differential operator with the creep material parameters are introduced. Plate
material is creeping and constitutive relation of stress-strain state is expressed through
fractional order derivatives. A partial fractional order differential equation of deformed
middle surface of the plate has been derived for the case of plate own-free oscillations.
For that case, by using a numerical experiment over the solution of the ordinary

fractional order differential equation T(t)+{a)2 +a D }[T('[)]ZO , time-

0Omn
function surfaces T, (t, @Oymn > B gmn » X ) have been constituted as visualizations used

for expressing the creeping properties of the plate vibration for some special cases.
Generalized results was prepared and submitted for possible publishing. .

In this paper, a complete theoretical approach and series of cases of creep
properties of material plate are taken into account and generalized partial fractional
order differential equations of transversal vibrations with creeping properties are
derived, and analytically solved for series of special cases accompanying by
corresponding boundary and initial conditions. These results are new and suitable to be
a new additions to classical theory of multi plate system dynamics as well as to be
included in the university books for extended and advanced university coerces of
dynamics of deformable bodies with different material properties.

2 MODEL OF CREEP RHELOGICAL BODY

By using stress-strain relation from cited References [6, 7, 65, 66], a single-axis
stress state of the creep hereditary type material is described by fractional order with
respect to time derivative in the form of fractional order differential relation in the
form of three parameter model:

olt)=~{E.e(t)+ E,2 ()] (M
where @ta [O] is operator of fractional a™ order derivative - the fractional order
derivative of strain g(t) with respect to time in the following form:

[¢(t)] = d;‘;(t) = 5(0)=— (11_ a)gti (tg_(rr))adr @)
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where E, and E, are instant and prolonged elasticity modulus, respectively, while

o is material relaxation parameter, ratio number from interval O<a <1,
determining fractional order of time derivative, and is Euler gama function. We shall
use relation (2) only for t>0

2. 1* Longitudinal creep vibrations of a fractional order derivative constitutive
relation of the rheological rod with variable cross section

Let us consider a deformable rod of a fractional order derivative constitutive
relation of material with variable cross section, whose axis is straight.
Figure 1. shows an element of the rod of variable cross section A(z) , where Z
is axis’s length coordinate of the rod. Normal force acting on the cross section at the
distance Z measured from left side of the rod is:

N(z,t)= A(z)o,(z,t) 3)
while it’s value in cross section on distance Z + 0z is:
N(z + dz,t)= Alz)or, (2.t)+ %[A(z)crz (2,t))dz @)

where t is time, and o, (Z,t) is normal stress in the points of cross section that is,

according to introduced assumption, invariable on the cross-section. Moreover
deplaning of cross section is negligable considering that all points have the same axial
displacement determined by coordinate W(Z,t), where p is rod material’s density, and

q(z,t) is distributed volume force.

N Q(Z&

Figure 1. Element of the rod with elementary length dz .

We assume that rod is made of a creep rheological material and therefore the
stress-strain-state equation written in the form (1). Taking that strain in axis’s:direction

of rod is: &, (Z,t): % , previous stress-strain-state relation (1) can be written in
following form as:
Anz,t ANlz,t
o,(zt)=E, (7’)+ E D¢ az.t) (6)
a a

Introducing previous fractional order derivative stress-strain relation into equilibrium’s
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equation (5), and if we mark 2 — =0 and 2 - =« than previous equation (5) gets

the following form:

2. 2* Free longitudinal creep vibrations of a rod with variable cross section by
fractional order derivative in constitutive relation of the rod’s material

Solution of the following partial fractional order differential equation:
2 2
%a W(zz,t)_lﬁ[A(Z)dN(z,t)}:C;15[A(Z)b;,[0w(z,t)ﬂ ®)
¢ a A@z) & a ¢l ANz)a a
for free longitudinal creep vibrations of the rod with cross section can be looked for by
using Bernoulli’s method of particular integrals in the form of multiplication of two
functions, from which the first Z(Z) depends only on space coordinate Z, and the

second is time function T (t):
w(z,t)=Z(z)T(t) ©)
Assumed solution (9) is introduced in previous partial fractional order differential
equation (8) and by introducing the constant a)g = kzcg it is easy to share previous

partial fractional order differential equation on following two ordinary differential
equations, one of which is fractional order ordinary differential equation:
*first, a second order differential equation on unknown Z(Z) eigen function

of space coordinate Z , with variable coefficients :
27(2)+ ':((;))Z'(z)+kzz(z): 0 (10)

and * second, fractional order differential equation on unknown time-function
T(t) in the form:

T(t)+ 02 [T(t)]+ 02T (t)=0 (11)

Both differential equations can be solved independently. These are connected

only with coupled characteristic constants a)g = k2c§ . The first differential equation

(10), can be, in some cases, solved for characteristically specified function of variation
of cross section of the rod. As it was solved in Refs. [4, 6, 7, 65, 66], for different
cases of functions of variation of cross section, in following, we will recall the
outcomes from that paper.
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3 TRANSVERSAL CREEP VIBRATIONS OF A FRACTIONAL DERIVATIVE
ORDER CONSTITUTIVE RELATION HOMOGENEOUS BEAM

For line element of beam creep material, constitutive stress-strain state
relation is expressed by fractional order derivative constitutive relation in the form (1),

o, (Z, y,t) is normal stress in the point of cross section of the line element, at
distance from the left beam end, and at point with distance from neutral axis —

bending beam axis, (D(Z,'[) turn angle of beam cross section for pure bending,

g, (Z, y,t) =y 6(p(§:,t) is dilatation of the line element [69].
y
Lhz X
ﬁ ', .
P
g (on z

Figure 2. Stress in the beam cross section

The beam transversal displacement is V(Z,t), and constitutive relation of the

bending couple %f (Z,t) is in the following form:

M, (2.t)= {% aﬁ;,r) ¥ %ﬁfw’g’t)} (12)

where B, = E |, is bending rigidity and B, = E_|I

a "X

fractional bending rigidity

of the beam:
Partial-fractional order differential equation of the beam transversal vibrations

with respect to the transversal displacement V(Z,'[) of the beam cross section with
distance Z from left beam end at the moment 1 is in the following form:

vizy) | {cz aw(z,t)ﬂix@{aw(z,f)}_

dZ 0x &4 &4

4 4
-ile{Eo 2 v(z,t)+ Eai‘bf‘r v(z,t)ﬂ+

a‘a’ a*a’
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4 4

cix B OVEY) 2 oMz) 5{& & z,t)d’(z’t)} =0 (13)
G & aa a a

in which we denoted the following:

2 —%' 2 %ax'%()x PK _ 2 Eo'g%m(ﬂ: '2E~
COX_ 7Cm:7’77—/ﬂx7’ K‘X s
PA pPA pA G G pA G G

F(E2t)=—F,(E 1) (14)
PA

Newly derived partial-fractional order differential equation of the beam
transversal vibrations (4) is an extended and generalized equation of transversal
vibrations of the beam with members of the creep material properties influence, and
the influence of rotation inertia and shear of transversal force. The last member in (13)
represents influence of an external force coaxial with beam axis.

From equation (13), we exclude members which contain shear coefficient K
which are in relation to the beam cross section shear under the influence of transversal
force, and we suppose that axial forces are equal to zero, and we solve the following

equation:
2 4 4 4
a V(Zat)+{cz Y, s{a V(Z’T)}}—if d Vz(z’f)zo (13%)
aa

dz 0x 0,24 ax ™t

By using Bernoulli’s method for solution obtaining, and for solution of partial
fractional-differential equation (13*), we can write a product of the two functions
depending on separate coordinate Z and time t in the following form:

v(z,t)=7(2)T(t) (14)
and by introducing the following constants-own beam kinetic parameters a)gX and
2 . . . . 2 2 [ By,
@, , which are in the following relations: @, = k Cox = k _A , and
Yo,

2 2 %m( . . .
o, =kc_ =k _A , with unknown beam transversal vibrations own number
P

K, previous equation (4*) is decomposed to the two equation, one differential with
respect to orthogonal normal function Z(Z) of coordinate Z, and second time

function T(t) oftime t :
ZV (z)+ik* 2"(z)-k* Z(2)=0 (15)
T(t)+ 02 D7[T(t)]+ w2, T(t)=0
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3. 1* Transversal creep vibrations of a fractional derivative order constitutive
relation of non homogeneous beam

We introduce that material of a one layer beam is a creeping material.
Parameters of the beam creep material are: & is proper material constant of the

characteristic creep law of material, E; and E_, are modulus of elasticity and

creeping properties of material.

By using stress-strain relation (1) from cited references, a single-axis stress
state of the creep hereditary type material is described by fractional order time
derivative differential relation in the form of three parameter model. For line element
of beam creep material, constitutive stress-strain state relation is expressed by
fractional derivative constitutive relation in the following form:

o,(z,y.t)= y{E0 é)(og’t) +E,D {é,q)g’t)} (16)

where @ta [0] is notation of the fractional derivative operator defined by expression

(). o, (Z, y,t) is normal stress in the point of cross section of the line element, at
distance Z from the left beam end, and at point with distance Y from neutral axis —

bending beam axis, (p(Z,t) turn angle of beam cross section for pure bending,

£, (z) y,t) = ya(p(g;’t) is dilatation of the line element.

In formulation of the problem of stochastic stability of non homogenous creep

bars of a fractional derivative order constitutive relation of material is assumed to be
continuous function of length coordinate. Let consider the problem on transversal
oscillations of two layer straight bar, which is under the action of the length-wise
random forces. The excitation processes is a bounded noise excitation.
It is assumed, that layers of the bar were made of creep continuously non homogenous
material and the corresponding modulus of elasticity and creep fractional derivative
order constitutive relation of the each layer are continuous function of length
coordinate and thickness coordinates and changes under the following laws:

EC(2y)=EP (@1 (). EX(y)=EP P @)1L()
ES(2y)=ELf (@R (y). EX(@y)=EQ 2@y
0<z</(; -h<y<h, 0<a<l (17

At this case connection between increments of stresses and deformations in
each layer represented in a view:

Ao’ =EPAY + EVDY [Agi”] -h <y<0 (18)
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Ao =EPAY +EOD|Ac®]  o0s<ysh,
Here h1 and h2 are thicknesses of the corresponding layers.

Dilatations are:

g, = y—agﬂ(z’t) and Ag, = y—aA(o(z’t) (19)

oz ’ oz

where (p(Z, t) is angle of pure bending. normal stress of pure bending is:

Oa "a

dol’ = E{ 1, (2) fe““(y)dya"’(gj” +ERTO (@) ff”(y)@f[dy 9p2.l) ‘/’a(jt)} (20)
-h <y<0
do =E”1,2(2) f;”’(y)dyaq’a(j’t) +E @) ff”(y)@f‘[dy “’éjt)} (20%)

0<y<h

>

From the dynamic equilibrium conditions we can write:

|

ZNllfiZO and ZN:MOE =M, -Mm
i1 i1

i
X

=

or

” oVdxdy + Ijaiz)dxdy =0

A" A"

j j oV xdxdy + j j oPxdxdy =0
A" A"

[[oydxdy + [[ o ydxdy = , @1
o

A"

If we introduce following notations:

0 h,
™ = [0 (yy"dy, a’™ = [ £ (y)y"dy, n=012 2

“h, 0

previous equilibrium conditions we can write in the following relations: and
expression:
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M 400
EO ae

OOEO £ O @OMOEQ) £ — 2 —_fO
a, Eo fe (Z)_ EN Eo fe (Z)_ 0= fe (Z)_ fe (Z) E? 520 (23)
0o e
OOE® £ @) @OMEQ f(©2) (2) M E(gl) a(l)(l)
aa E()a fa (Z)_aa EOa fa (Z):O = fa (Z): fa (Z) E(Z) a(Z)(l) (24)
Oa a
and following expression for bending moment:
z
M, (z,t)= ba(/’é()’t) {Eé”aé”m £0(2)+ EPa®® fe(z)(z)}+
‘ (25)
Z,t
+b®f‘{a¢;2’)}{Eégaa”(z)f“ (2)+ EQa®® fgfz)(z)}
or with respect to the previous relations (22), (23) and (24) we can write in the
following form:
(O
M, (z,t)= EPb og(z,t) FO(zZNa® a2 % __ & n
x5 0 2 ° e
: (26)

7.t a( VO
+ Eé;)bfa(l)(z)@ta‘:agpa(z’ ):H a® 4 a(z)(Z) a(Z)(l)

We take into account the rotatory inertia of cross section and we can write the
following equations of bar dynamics:

2
d1 2 Folzt)_ =—dM, (z,t)+ E (z,t)dz + F, (B, z,t)dv(z,t) @7

>< 0’12
V(z,t)
dm =dF
M2, () o
If we introduce:
m=(pA +pA )z and dJ, =[pI® + p,I7 iz (29)

we can write:

(2.t a7 & [og(z,t
[pll(xl) + pZI(XZ):I at(z ) E(l)b|:a(l)(2) + a(Z)(Z) a(Z)(l) :| az |: ;Z ) fe(l)(z):| +

Ew{aﬂw L g A } 0 {f;1>(z)®f[3<"§:’t)}+FT F, avg“)

(2)(1) oz 7
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o(z,t)  oF(z,t)
a’ oz
After applying derivative with respect to time we obtain the following partial-
fractional differential equation:

‘(p1A1+p2A2) €2))

o
Ef,”b[a;”‘” +a®® ae7 }
() | 5 [azv(z,t)f(,)(z)}r( 1 E[F av(z,t)}r (32)

2 + 2 e
at* (oA +pA,) ot | o PA +p,A,) o o

)y
a
Ell)b a<1)(2) +a(2)(2) :12)“) R
a, 0

+

{f;”(z):bf[az"(z_ t }} [p10 + o120 ] 0%(z.1) o

(oA +pA,) o’ a (0 A +p,A,) oter’

By introducing following notations:

o oy A0
B EOp| a0 4 a@®
Eo _
0 72

(2)(1) (0] (2)
6 — i — ae T’2 _ [pllx +IOZI>< ]
0x xe > X >
p (oA + A, (oA +p,A,)
a(l)(l)
=0 (l)b a(l)(Z) +a(2)(2) o0 o o
62 _ EOa TZ _ a _ [plIx +p21x ]
Oxa — Xa > x T ’
p (pIA +p,A,) Ap
O
a a
b a(l)(2) +a(2)(2) G b a(l)(2) +a(2)(2)
- a (1) ) a(2)(1)
P2 = = J 2= “ (33)
A A

we obtain the following partial-fractional differential equation of transversal vibrations
of creep of two layer straight bar, which is under the action of the length-wise random
forces:

62v(z,t)+62 i azv(z,t)f(l)(z) . 1 a[F av(z,t)}r
o’ "ozt ot ° (oA + p,A,) oz oz (34)
0° L 02z t ~, 0*v(z,t
+Co azz{f“(l)(z)g‘{ a£2 )}}_'xz atz(azz):

We study a special case: From equation (34), we exclude members which
contain axial forces and we solve the following equation:

Pt 2P s, 2 friom| T2l 009

ot "ozt| oz

where

f(z)=1"(z)=f(z) (36)

By using Bernoulli’s method for solution obtaining, and for solution of a partial
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fractional-differential equation (35), we can write a product of the two functions
depending on separate coordinate Z and time t in the following form:

v(z,t)=2(2)T(t) 37)
By introducing this solution into equation (37) we obtain two equations:

::222[Z”(z)f(z)]+i~xzk4Z”(z)—k“Z(z):O
T(t)+ a2 D [T(t)]+ @2 T(t)=0 (38)

where

Mm@ ]
E‘”b[a““) +a?® a,
0 e e
k4

a0
QN)gx = k4602x = ( ) =
oA+ A,
D A0 4 A2 B |
E..bla, " +a, a0
a
o

52 — k4f62xa — k4
o (oA + A,
o1+ o]

" (IOIA1+p2A2)

(39

3. 2* The time function solution of a fractional order differential equations

The second, fractional-differential equation from all three considered cases is
mathematically same fractional-differential equation with unknown time-function T (t)

and we can rewrite it in the following form:
T)+0’T“t)+0lT(t)=0 (44)
This fractional-differential equation (40) on unknown time-function T(t), can

be solved applying Laplace transforms (see Ref. [8], [9], [6], [18] and [15]). Upon
that fact Laplace transform of solution is in the form:

2(p)=efrp)-—L T @b
p +w§[l+ij(p)}
@,
where (@[T (t)]]= R(p)e[T(t)] is Laplace transform of a fractional derivative
d“T(t) , ,
W for 0 < <1. For creep rheological material those Laplace transforms the

form:

a-1 d a-1

elar[r Q- RO E]-£T0)- prefr]-S5T0) @
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where the initial value are:

a-1
Ty (42%)
dt*™ |,
so, in that case Laplace transform of time-function is given by following expression:
T, +T,
QT (t)) = 1ot o (43)

P 0 10}

For boundary cases, when material parameters & take following values:
a=0 i a=1 we have two special simple cases, whose corresponding fractional-
differential equations and solutions are known. In these cases fractional-differential
equations are:

1* T()+@TO%)+olT({t)=0 for =0 (44)
where T(O)(t)=T(t), and
2 T(t)+ T (1)(t)+ olT(t)=0 for a=1 (45)

where T (1)('[) =T (t)
The solutions to equations (44) and (45) are:

=T,costyw; +@; + sinty/@; + @, (46)
N \/7 N

For a=0;

,ﬁt 4 - 4
2*a. T(t)=e 2 Tocos'[,/a)g—ajT1 +\/T°745int,/a)§—a:‘l (47)
2
Wy ——
4

1
for =1 andfor @, > Ea)l2 . (for soft creep) or for strong creep:

b 1) T TChtJ —} + \/78h ,/ (48)
a)l

1,
for ¢ =1 and for C()O<Ea)l.

For kritical case:

2
1

2%, T(t)= e_zt{'l_O +&t}za a=1 and za @, = %a)l2 (49)
(0
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Fractional-differential equation (40) for the general case, when « is real

number from interval 0 < a <1 can be solved by using Laplace's transformation. By
using that is:

o UL e e )

t=0
and by introducing initial conditions of fractional derivatives in the form (42%*), and
after taking Laplace's transform of the equation (40) we obtain the Laplace transform
of solution in the form (41).

By analyzing previous Laplace transform (50) of solution we can conclude that we can
consider two cases.

For the case when a)g # 0 , the Laplace transform solution can be developed
into series by following way:

eff (1)} = pT, +T, 'I‘Ojl 1 (51)

w? 2 [0 p)p »? or
a a a a 0

= (—1 ka)2k Y > k

Sl e d) g
2 (1) 0 & (k) pdgp2i+)
z()%azfjp;j 3

In writing (53) it is assumed that expansion leads to convergent series [9]. The
inverse Laplace transform of previous Laplace transform of solution (53) in term-by-
term steps is based on known theorem, and yield the following solution of differential
equation (40) of time function in the following form of time series:

» 2J-t-U!J
T) =2 T} =T, (1) wt™ DTk 1—a)
(t)=e'{T(v)! okZ:;,( Z(J 0Tk +1-qf)
o k (k @t
T 1) 22 Y
+ okz:(;( )w“t Z(']wjlr(2k+2—aj)

i—o\J

(54)

or

T®=2WWw=§¥ ”“Z{:}“LML@kE_@)+m%I§—qJ($)

Two special cases of the solution for a)g =0 are:

T(t)=T000550t+I—°sinaN)0t for =0 and @, =0. (56)
@,
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T(t)=T0+T—°2(1—e*“"2t) for a=1 and @, =0 (57)

@

c* d*

Figure 3. Numerical simulations and graphical presentation of the results. Time
functions T(t,a) surface for the different beam transversal vibrations kinetic and

creep material parameters:

a% [ Qo |3 b* [ Puc |15 e [Pu |_Liax [ @u|_3.
Wy Wy 4 Wy 3 @y
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a
A T(t,a)
o)

T(t,a)

ity i 11
j \\Vjﬁ\%ﬁ.ﬁﬁ -

\

in
R

e¥ . . 7 f*
Figure 4. Numerical simulations and graphical presentation of the results. Time
functions T(t,a) surface and curves families for the different beam transversal

vibrations kinetic and discrete values of the creep material parameters 0 < o <1:

a*and ¢* | Yo |_1; b*and d* | P Lo [On |_ 1. (0, _3.
Wy Wy 4 @y 3 Wy
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In Figure 3. numerical simulations and graphical presentation of the solution of
the fractional-differential equation of the system (27%*) are presented. Time functions
Tta) surfaces for the different beam transversal vibrations kinetic and creep material

parameters in the space (T(t,a)t,«)for interval 0 < o <1are visible:

in a* for (a)aszl; in b* for (%J:l;in c* for [“’aszl;in d* for (a)‘xxj:_g.

wO X [ 4 wo X 3 wo X

In Figure 4. time functions T(t,a) surfaces and curves families for the
different beam transversal vibrations kinetic and discrete values of the creep material

parameters 0 < o <1are presented. In Figures a* and ¢* for [%J —1; in Figures

wOX

b* and d* for (%le; in Figure e* for (a)zzxj:l; and in Figure f* for

a)()x 4 a)Ox 3
(a)zzxj -3
Doy

4 PARTIAL FRACTIONAL ORDER DIFFERENCIAL EQUATIONS OF
CREEPING AND VIBRATIONS OF PLATE

4. 1* Basic suppositions (presumptions) of the cinematic deformation of a platE.

Let’s introduce (suppose) that plate is thin and that there is no depalanation of
cross sections in conditions of creep material. Also, we suppose that cross sections are
always orthogonal with respect to the middle plane of the plate. If a thin plate is creep
bent with small deflection, i.e., when the deflection of the middle surface is small
compared to the thickness h, the following assumption can be made:

1* The normal to middle surface before creep bending are deformed into
normals of the middle surface after bending.

2* The stress o, is small compared with the other stress components and may
be neglected in the stress strain relations. 3* The middle surface remains unstrained
after bending.

On the basis of the previous, we suppose that displacements U(X, Yy, Z,t) and

V(X, y,z,t) of the point N (X, Yy, Z) in the direction of the coordinate axes X and
Y are possible to express in the function of its distance Z from plate middle surface

and its transversal displacement W(X, y,t) in direction of the axis Z , and also same

displacement of the corresponding point N O(X, y,O) in the plate middle surface. By
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using method from Ref. [78,79] (see D. Raskovi¢), we can write the expression for
displacement of the plate point N (X, Yy, Z) in the following form:

ow
U=-ztga = -1a=-1—
OX

ow
V=-2tgf~ -2 =-1— (58)
oy

Curvatures of the plate are:

1 0 ([ ow o*w
KX = —= — _ ———
R, ox\ ox ox>

X

1 0 ow o*w
K =—=—|—|=-—"+ (59)
R, oyl oy oy

where R, and Ry are main radia of curvatures. First (flexural) curvatures of the plate
middle surface at the point N (X, y,O) are:
1 8(awj __ow_ _a[awaxﬂay]
: . 05\ 08 0&? o0&\ ox 0& oy o&
=K, cos’ p+K, sin® »—-K, sin2¢p
1 _2o (awj __ow_ _6[awax R awayj
on on* on\oxon oy on
=K, sin’ p+K, cos’ p+K, sin2¢p

n R :%

n

(60)

Semi sum of first (flexural) curvatures of the plate middle surface at the point

N(X, y,O) is middle curvature of the plate and is independent of orthogonal
2

oxoy

deformed plate middle surface, and we can express in the following form:

~ 0w 0fow) o(ow aw . )1 - (61)
8@7_afan_af(aﬂJ_af(axcoerWSlnwj_z(K* Ky)sm2go+3xyc052¢

Components of the tensor relative deformations at the plate point N (X, Yy, Z)

coordinates directions in this point. is second curvature or torsion of the

are:
_ou_ _o'w

ad z
X x> R
L dw_

z
& =
y ay 8y2 Ry
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2
Yy _u v, 0w, (62)
oy ox oxoy R,

4. 2* Constitutive relations of the stress and strain state of the plate stressed
creep material.

Let’s introduce the supposition that relations between stresses and strains, in
the plate stressed and strained material with creeping properties, are the following
relations:

o, =E,el () +E, % [¢(t)
o, =E, &) (t)+E, D" [eyy(t)]

0y®y

7y =Gy, +G, D [, (t)] 63)

Figure 5. a* Thin plate with geometrical parameters. b* Plate cross section. ¢* Plate
element with area dXdy in the middle plate surface and with presentation of the

unique height in cross section and corresponding stress tensor components in the plate
Ccross sections.

where @ft ’ [*] differential operator with fractional order derivative defined by (2)

and by material parameter @, which satisfy the following condition: 0 <@ <1. In
E

plate material, momentous and prolongeous one in the corresponding axes directions

the previous relations E,, 0y E,.E ay are the elasticity coefficients of loading
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X and Y; a,, a, and «,, are corresponding coefficient of the creep of plate
E, E

1T I (FY"

material for axial and shearing loads; and G, =

are corresponding shear modulus.

On the basis of previous suppositions and relations we can write constitutive
stress-strain relations. Now, into the previous equations — relation between stress
components and strain components, we introduce the expression of strain tensor

components expressed by transversal displacements W(X, y,t) of the plate middle
surface corresponding point N (X, y,O) and coordinate Z of the corresponding plate
point N (X, Y, Z). Than we obtain the following relations between stress components
and transversal displacement W(X, y,t). For homogeneous and isotropic material with

parameters of material creep properties are equal @, = &, = & ; also, coefficients of
rigidity of momentancous and prolongeous one are: E; = E0y =E, and

E,=E, =E_in all directions at corresponding point. For that case previous

expressions are simplest and in the following form:
E,? [GZW(X, yt), , owlx, y,t)jf E,z @a[#W(X; y.t), , omwlx y,t)}

S (e o’ oy’ 1-42)"Y ox oy’
Ez (0°w(x,y,t o*w(x, y,t E,z .| 0°w(xy,t o*w(x, y,t
p— 1 0yt), ), (zy)__th (y.0),  Owlx.y.t)
(-2 oy ox (1-22) oy ox
o K, o w(x,y,t)  ZE, . o*w(x, y,t) (65)
Mo (l+u)  oxdy (1+p) | oxoy
AZLdy , ,
E 5 Ty () 1 | 4 4 y -
' 9ty z ; , oM
DO NG NN ) g+ Mg B M
G L Erylax o TR e s T
dx Koy X oy Y l RN
[z;fm%dx}dy NI C Ty R4

2V g(x, y.t)dxdy,

or,
T,+
X

oM,

z Dy
M/ N—m “a amar
dxAX (SVG AW ey

ped

Figure 6. a* Plate element with area OXdy in the middle plate surface and

with presentation of the unique height in cross section and corresponding sheering
stress components in Z direction as well as the corresponding transversal forces.

b* Plate element with area dxdy in the middle plate surface and with presentation of
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the unique height in cross section and corresponding bending moments and moments
of torsion.

When equilibrium conditions of the forces applied to the plate are satisfying,
than it is necessary that Navier’s equations of the equilibrium of every part of
deformable body be satisfied. By using previous derived expressions of stress state

tensor components O,, 0, and 7,, and introducing into Navier’s equations of the

equilibrium of every part of deformable body we obtain stress state tensor unknown

components 7,,, 7,, and 0, :
2 2
7, (%, y,2,t) =7, (X, y, 2,t) = - (2 1:122 {an—iAw(x, y,t)+Ea£bf’[%Aw(x, y,t)}}

h? —4z* 0 . 0
r,(%y.2,t)=1,(x,y,2,t)=— S anAw(x,y,t)+Ea®t 5Aw(x,y,t)

(3h*z—42°-1)

h
= ¢ ——z| (65
a,(x,y,2,t) T {E,0AW(x, y,t)+ E, D¢ [AAw(x, y,t)]}+ pg(2 ZJ

4. 3* Partial fractional order differential equation of the deformable plate middle
surface.

By using boundary equilibrium condition, that the normal stress component
o, for the upper plate surface is equal to the external normal surface loading

p(x, Yy, Z,t) , we can write the following:
X, Y¥,t)— pgh
{AAw(x, y.t)+ D [AAW(x, y,t)]} = W (66)
~o
where for cylindrical flexural rigidity @0 and @a, momenteneous and
prolongeneous one, of the loading processes to the plate material with creeping
properties, as well as &, as ratio of these rigidities, are introduced in the following

forms

D

D, = D, -t K,=—%=—% (67)
" 12(t-2) “12(1-22) © ® E,
Relation between external plate surface excitation p(x, y,t), and external

volume excitation pgh and transversal displacement W(X, y,t) of the middle surface
point N(X, y) is in the form of partial fractional order differential equation (66).
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Previous partial fractional order -differential equation is equation of the transversal
displacement W(X, y,t) of the middle surface point N (X, y) loaded by external plate

surface transversal excitation p(x, y,t) and external volume excitation ogh .
We conclude that for obtaining the last previous partial fractional order differential
equation is equation of the transversal displacement W(X, y,t) of the middle surface

point N(X, y) loaded by external plate surface transversal excitation p(x, y,t)and

external volume excitation pgh, it is using an idea of Sophie Germain (1815)
submitted by memoare to Paris academy of sciences, and corrected by Lagrange.

4. 4% Equation of quazi-statical equilibrium of a creep plate, and equation of
transversal oscillations of a creep plate excited by external forces in the plate
middle surface. Combined bending and stretching of rectangular plate.

In the previous consideration, the plate is assumed to bend with small
deflection by lateral (transversal) loads only. If there are forces acting in the middle
surface of the plate in addition to the lateral loads, the previous governed partial
fractional differential equation must be modified to take into account the effects of
these in-surface forces.

In general case of an elementary block with edges dX and dy, depth h,
excited by external transversal surface forces p(x, y,t)dxdy , and forces X' , Y'
and Y,'= X' in the plate middle surface, is excited by surface forces caused by

appearing of stresses, and their equivalent action as bending moments, moments of
torsion and transversal forces. Also we can calculate the change of these surface
forces, and moments caused by changing of the coordinates form X and Y to the
X+dx and Y+ dy. Also we must calculate change of the normal direction of the
cross section surface.

Aso, we must keep in mind that external forces components X' and Y' are
applied in the plate middle surface in the cross section with coordinates X and Y, and

oX'
in cross sections with coordinates the X + 0X and Yy +dy are: (X’+6—dxjdy ,
X

] aX 1 1
Y'_,_aldy dx, Xy'+—ydy dx and (Yﬁaidxjdy . We also, must
oy oy OX

keep in consideration that the parallel edges ABand CD are deformed on the
distance dY , and that corresponding forces take with axis Z the following angles /3

op

and [+ E dy . Also, the parallel edges AC and BD are deformed on the distance
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dx, and that corresponding forces take with axis Z the following angles & and

a+a—adx.
OX

By introducing all these elements, we can write equations of forces
equilibrium acted to the elementary block with edges 0X and dy, depth h in the
following forms:

a* from the condition of the equilibrium into OX direction;

b* from the condition of the equilibrium into QY direction.

c* from the condition of the equilibrium into 0Z direction, and we obtain

final form of the transversal oscillations partial fractional order differential equation of
the thin plate of the creep material:

2 2 2 2
420 Tl PP 1 (2% a2y 2] 00
D, D, oX oy oxoy) ®, ot
(68)
This equation is derived applying prepositions that proper weight of plate is neglected,
and that depth of the plate is small.

4. 5* The basic partial fractional order differential equation and solution of the
free plate creep oscillations.

. . . 4 Qo th3 . .
By introducing notation C; = E = 12,0001 71 and by using derived
— u

equations, we can obtain the partial fractional differential equation of the free plate
transversal oscillations in the following form

O*w(x, y,t)
atZ
Solution of the previous fractional derivative-partial-differential equation can
be looked for by using Bernoulli’s method of particular integrals in the form of

w1+ w2 Jaaw(x, y,t)]}=0 (69)

multiplication of two functions, from which the first W(X, y) depends only on space
coordinates X and Y, and the second is time function T(t):
w(x, y,t)=W(x, y)T(t) (70)

Assumed solution (70) is introduced in previous equation (69) and by
introducing the notation of the constants:

a)2 — k4C4 — k4& — k4 th2
’ ©TT ph T 12p(1-47)
. 2
0 =kl =k'x,ct =kt Do _ o Bl @)

ph 12p(1-4*)
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is easy to share previous equation on following two.
*first, a four order partial differential equation on unknown eigen function

W(X, y) of space coordinates X and Y in the form::

AAW(x, y)-k*W(x,y)=0 (72)
or in the form of two second order differential equations:

AW(x, y) = k*W(x,y)=0 (73)
and * second, fractional-differential equation on unknown time-function T(t) :

T(t)+ 0 (1+,2¢ T(t)] = 0 (74)

4. 6* Space coordinates' eigen amplitude function and time function for the creep
vibrations of the plate.

Let’s consider that space coordinate proper function W(X, y) is in the form

of W(X, y) = X(x)Y(y) , and then we can write:

X"(x)+(=n” £k )X(x) =0 Y"(y)Fn*Y(y)=0 (75)
If plate is rectangular, and when we take into consideration a solution in Descartes’
coordinates with free ends along contours then
X(X) := sin Mx; cos mx; shmx; Chmx, where m? =+n* +k?, and

corresponding Y(y) :=sin ny; cos ny; shny; Chny .
If plate is in the circular form, then it is suitable to use polar-cylindrical

coordinate system, and then the set of the partial differential equations in the space
cylindrical-polar coordinates I', @ and Z is:

AW(r,p)+k*W(r,p)=0,
o> 10 1 0
P L Y
o~ ror r°op

Solutions of the previous equations we write in the form

W(r,(p)z d)((p)R(r) and after applying this solution we obtain the following

system of ordinary differential equations:

®"(p) = n’®d(p)=0

JW(r,(p)i kK>W(r,p)=0 (76)

2
RY(r)+R(r)+ (i K ’;—ZJR(r)= 0 a7

Second equation from previous system has particular solutions in the form of
Neuman’s and Bessel’s functions, but Neuman’s functions for ' =0 have infinite
value, than particular solutions of this defined task (problem) are only Bessel’s
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function first kind with real argument J n(X) as well as with imaginary arguments
In(X), where X =Kr. Modified Bessel’s function first kind with imaginary

arguments I, (X) , with order N is in the following form:

I"I+7Z

I(x)=()"J,(ix)= (2 Ie””“cosnuh (78)

If N is integer number, than th1s function satisfies the following differential
equation:

", I . n’ .
I, (ix)+ 71, (iX)=| 1+-—5 [L,(ix)=0 (79)
(ix) (ix)
By using previous considerations and study of equations (?) for their solutions
in the polar coordinates for the circular plate, we can write the following expressions:

®,(p)=C,sin(ng +¢,,) (80)

an( ) (k r)+ KnmIn(knmr) (81)
General solution for the transversal plate middle surface point displacement is in the
following form:

0

r (P, ZZ[ + KnmIn(knmr)]Sin(nw + @ )Tmn (t) (82)

n=1 m=1

where time functions Tnm (t) are in the form of series:

0 i . =i 2] aj
T (0)=Ty 3 (1) 02t [] Al

— “\j a%nmr(2|4—l——cq)

= 2Jt o
2| t2| anm
S tone S [

where we 1ntr0duce the following notations:

Do = Ko = ,/V E,/ o (4)
"2 pl—y
and

a)omm = a)0nm VKa = knzmcg \/Ka = kr?m % = kr?mg Ea 21 (85)

Time functions T, (t) are defined as a solution of the corresponding ordinary

(83)

fractional differential equation defined by (11) or (74).
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4. 7* Solution of the partial fractional differential equation of the free rectangular
plate oscillations with the hinged edges on the plate contour.

Let’s, now, study free oscillations of a rectangular plate with basic edges a
and b, and with hinged edges on the middle surface plate contour — simply supported
plate. Boundary conditions of this rectangular plate are that transversal displacements
on the middle surface plate contour points equal zero, and also in same points the
bending moments are equal to zero. By these basic conclusions, boundary conditions
are expressed in the following forms:

for x=0  w(0,y,t)=0

2 2
M‘(X)(Oa yst): M'yx(()a y,t)= _30(1 + K‘D{Qf{{a W(O’ y’t) + a W(07 yst)} — 0 7

ayZ 'Ll aXZ
for x=a Ww(a,y,t)=0

M (ay.0)= M., (o, y,t>=—®o(1+z«a®f){

o*w(a, y,t o*w(a, y,t
gyzy s s gxzy )}:o

for y=0 W(X,O,t) =0

, , 2\ 02w(x,0,t 0*w(x,0,t
M(y)(X,O,t)=Mxy(X,O,t):—@o(leKa@t { 6(X2 )+;u 6(yz )} =0 (86)

for y=h W(X,b,t)=0

2 2
M'(Y)(X’b’t): M;y(xabat): _go(l + Kagft{a W(X’b’t) + 0 W(X’b’t):| =0

ox? H oy?
Partial differential equation (72) with accomplished boundary conditions (86)
are satisfied by the following solution:

W_ (x,y)=C,,, sinmXSinnTﬁ y (87)
a

where are:

2 2
[()-3)
a b
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Solution of the transversal middle surface plate point displacements for free
vibrations of the rectangular plate with creep properties of material, hinged on the
contour is in the form:

0

X y, Zzw: sm— Xs1nnT7[ y (89)

m=1 n=1
where time function T, (t) in the form (83). Than finally we obtain:

m=1 n=1

m=1 n=1

> 2| 2| o | 21 tiaj . mr . Nmr
—F— [SINn——XSiIn—VY +
:0 ,Zg( J]a)Oan(ZIJrl )" a b’ (90
o mz nz
tz' ! ——msin——Xsin—
Z[ jwonmr(zwz aj)} a b’

are integral constants defined by initial conditions.

'M*

I
o

and T

omn

where T,

omn

4. 8* . Numerical experiments and results.

By using the expression obtained for time function T, (t) with

corresponding particular solutions, we made numerical experiment for characteristic
cases and ratios of plate parameters, coefficient & of creeping material and results are
presented in the following Figures.

In Figure 3. numerical simulations and graphical presentation of the solution
(85) of the fractional-differential equation (64) of the system are presented, in analogy
with corresponding for transversal vibrations of the beam. Time functions T(t,)

surfaces for different plate transversal vibrations kinetic and creep material parameters

in the space (T (t,),t,) for interval 0 < o <1are visible: in a* for (a’axj —1; in b*
wOX

for [ @w |_1;in ¢ for (@u |_1;in d* for | P | _3.
wOX 4 Wy 3 wOX

In Figure 4. the time functions T(t,a ) surfaces and curves families for the
different plate transversal vibrations kinetic and discrete values of the creep material
parameters 0 < o <1are presented, in analogy with corresponding for transversal

vibrations of the beam. In Figures a* and c¢* for [ ] in Figures b* and d* for
w(])(

13
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(‘fo]:l; in Figure e* for [a)i,ﬂjzl; and in Figure f* for (%J:3.
w()x 4 wnx 3 wox

In this paper, new theory of the deformation and oscillations of thin creeping
material plate for small deformation is presented. Creeping properties of a material
plate are presented by using constitutive relations in the fractional differential form
with terms by fractional order derivative with respect to time. By using presented
assumptions and pointed out theory, the partial fractional differential equations of the
quazi-static equilibrium of plate, and transversal oscillations are derived, and solved
for different deformation as well as oscillations creeping state are obtained, for
different boundary plate conditions.

Also, the expressions of the stress tensor components distributions in the plate
of the creeping properties material are derived. The expressions of the bending and
twisting moments and transversal force are derived.

From the obtained analytical and numerical results for free transversal creep
vibrations of a fractional derivative order hereditary homogeneous thin plate, it can be
seen that a fractional derivative order hereditary properties in all cases are convenient
for changing time function depending on material creep parameters, and that
fundamental eigen-function depending on space coordinates is dependent only on
boundary conditions and geometrical properties of plate.

5. DOUBLE PLATE SYSTEM
5. 1* Theoretical problem formulation and governing equations.

Let us suppose that both plates in double plate systems satisfy same
conditions as the plate considered in the previous paragraph UII and listed in the
beginning of the sub-paragraph 4.1%*.

Now, let us consider two isotropic, creeping, thin plates, with thickness h;,

i=12, modulus of elasticity E; and E;,, Poisson’s ratio g and shear modulus G;,

plate mass distribution p; . The plates are of constant thickness in the z -direction (see

Fig. 7). The contours of the both plates are parallel and same type of the boundary
conditions. Plate is interconnected by a creeping layer with the fractional order
derivative constitutive relation type with constant surface stiffness. This creep-layer
connected double plate system is of composite structure type, or sandwich plates, or
layered plates.

The origins of the two coordinate systems are two corresponding sets at the
corresponding centres of the no deformed plates middle surfaces as shown in Fig. 7.
and with parallel corresponding axes. The both plates may be subjected to either
transversal distributed external loads g;(x,y,t), i=12 along corresponding plates

external boundary (contour) surfaces parallel to the corresponding plate middle
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surface. The problem at hand is to determine solutions.

The use of Love-Kirchhoff approximation make classical plate theory
essentially a two dimensional phenomenon, in which the normal and transverse forces
and bending and twisting moments on plate cross sections (see Ref. [88, 89] books by
Ragkovié (1965) and (1985)) can be found in terms of displacement w;(x,y,t), i=12
of the middle surface points, which is assumed to be a function of two coordinates, x
and y and time t ., as it is considered for one plate in the previous chapter 4.

The plates are assumed to be with same contour forms and boundary
conditions.

Let us suppose that the plate middle surfaces are planes in an underformed
state system. If the plates transverse deflections w;(x,y,t), i=1,2 are small (in the
sense, as has been discussed in Refs. [88, 89] books by Raskovi¢ (1965) and (1985),
small compared to the plates thickness, h,, i=12, ) and that plates vibrations occur

E;h’ E; h’
Dy, = ,
121 - 42) 121-42)
the corresponding bending cylindrical rigidity of creep plates, analogous as in the

previous paragraph VII. For homogeneous and isotropic plates material the parameters
of material creep properties are equal in all directions, ie. a,=a,=a; also,

only in the vertical direction. Let us denote with ®, = i=12

y
coefficients of rigidity of momentaneous and prolongeous one are: Ey, =E,, =E, and

E, =E, =E, in all directions at corresponding point.. The coefficients of rigidity of
momentaneous and prologues one for creep layer are ¢ and c,, and the parameter of

layer material creep properties is 0<a <1.

Now, by using results from References [38, 57] by (Stevanovi¢) Hedrih
(2003), the relation between stress components and strain components are expressed
by transversal displacements w(x, y,t) of the plate middle surface corresponding point

N(x,y,0) and coordinate Z of the corresponding plate point N(x,y,z). Than we can
write the following relations between stress components and transversal displacement
w(x, y,t) in the form (64) and (65).

ql (Xa yat)

4
|

Figure 7. A creeping connected double plate system
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By using results of (Stevanovi¢) Hedrih (2003, 2004, 2004a), as well as
results from previous paragraph III. the governing partial fractional order differential
equations of the creep connected double plate system dynamics are formulated in
terms of two unknowns: the transversal displacement w; (x, y,t), i=1,2 in direction of

the axis Z, of the upper plate middle surface and of the lower plate middle surface
(Fig. 7). The system of these two coupled partial fractional order differential equations
are derived by using d’Alembert’s principle of dynamical equilibrium. These partial
differential equations of the creeping connected double plate system are in the
following forms:

o*w, (x, y,t Y
PO Rt) i 2 o ey
- a‘(zl){(1 + Koczgf Iwz (Xa y’t)_ W, (X7 y’t)]}: al(xa y7t)
(C2Y)

W +Cy {(1 +x, D" IAAW2 (x, y,t)]}+

+ a(zz){(l + 0, D Iwz (X, y’t)_ W, (X, Yat)]}: -0, (X, Y>t)

: s % thi3 K :E_”’ x _Ca 2 __C
Where' Ci :pihi _12pihi(1—ﬂ2i’ ¢ EO ’ “ c ’ a(l) pihi ’
q(x,y,t)zq(;%g’t) i=12.

5.2* Solution of the governing equations.

Solution of the previous partial fractional order differential equations (91) can
be presumed for the Bernoulli’s method of particular integrals in the form of
multiplication of two functions (see books [78, 79] by Raskovi¢ (1965) and (1985),
and previous paragraph VII), the first of which W(i)(x, y), i=12 depends only on

space coordinates x and y, and the second is a time function T(i)(t)’ i=12:

Wiy (X, ¥,t)= W) ()T (t) | =12 (92)
For the beginning, the assumed solution (92) is introduced in previous system

of partial fractional order differential equations (91) for the case of free vibrations,
when external surface excitation (; (X, y,t) =0, i=12 equal zero and we obtain the

following:
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J AAW,(x,
T(l)(t)+ <) {(1 + 1, )[T(l)(t)]}w(l)(xy) -

- afl){(l + KDY {WT(Z)(t)—T(I)(t)} =0

) AAW,,(x, y)
T ol 6, B Mo S o
0 +C(2){( +K,2; I (2)(1)]} W(l)(x’ y)

+ a@{(l R ﬂWT<2)(t)_T(”(t)ﬂ} -

After analysis of the previously obtained system of equations, we can write
the corresponding systems of the basic decoupled system equations in the following
forms:

93)

+

Ty (t)+ a’(z)(l Koo ®f )T(z)(t)= (94)
4 .2 2 _.¢C
where o) =Ki\Cl) +a0); &, = KiCika +aKe

2 .2
Gy + @)
a* If plates are rectangular, then we can take into consideration a system in
Descartes’ coordinates:

AA W(l)(X, y)— ka) W(l)(X, y) =0, W(l)(X, y) = W(Z)(X, y) , (95)

b* If plates are in the circular form, then it is suitable to use polar-cylindrical
coordinate system, and then the set of the partial differential equations W(i)(r,go),

i =1,2 in the space of cylindrical-polar coordinates I', ¢ and Z is:
AAW)(r0) k(i Wiy (r,0) =0, Wi)(r,0)= W, (r.0) (96)

() =kl +ag) » of) =kb)ch) +ap)

where there are introduced the notation of the system own parameters.

w(2i}=k40(})+a(2i) and a)(zi)a =I?(i)aa)(2i)=|(4Kaca)+a(2i)l((ci)a (97)

The solutions of partial differential equations (95) and (96) are known from
classical literature (see books by Raskovi¢ (1965), and in the previous paragraph
VIL.6* and VII. 7%), and are eigen amplitude plate functions defined shape of
amplitude plate displacements for corresponding eigen circular free vibrations. These
eigen amplitude functions satisfy boundary conditions, and also orthogonality
conditions. For the corresponding boundary conditions, the space coordinate own
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amplitude functions we denote with W, (x,y), i=1,2, n,m=1,234,..0 and we can

write the following conditions of orthogonality:

0 nm # sr

ab
J [ Wi 0 Y)W )iy = { st (98)

i=1,2, nm=1234,.0, s,r=1234,..0

which is easily derived by using a system of equations (95) or (96) for different pairs
nm and sr . Also, the time functions T(i)nm(t), i=1,2, n,m=1234,.. are expressed

in the form of series similar as in the previous paragraph expressed by formula (67).
Then, we can write:

T i [ i)t
(nm om & O =\ ) o, D2i+1- aj)
*21 t*al

T N _ 2- 2 Di)anm
+ 0(i)nm i:o( Jenm Z( j ,) (2| 12 aj)

i=12, n,m=1234,.

99)

where the following notations:

w(zi)nm = k;‘mca)+a(2i) and

nm™a

O )anm = K)o @nm = KoK o€y + 80K )ar =12, NM=1,234,...00 (100)

are introduced and k,,, are own characteristic number defined as a series of roots of
characteristic equation obtained from corresponding plate boundary conditions, as it is
known.

The solutions of the governing system of corresponding coupled partial
fractional order differential equations (94) for free double plates oscillations, we take
in the eigen amplitude function Winm (x,y) , i=12, nm=1234,..90 expansion, from

solution of the previous basic problem with decoupled equations, and with time
coefficients in the form of unknown time functions Ty, (t), i=12, nm=1,234,. .

describing their time evolution.

X ya ZZ;ZW 1)nm X, y) l)nm(t)

m=1

M
s

W, (X’ y’t) =

W(Z)nm (X’ y)T(Z)nm (t) (101)

1

>
i
3
]
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where the eigen amplitude functions Wiam (x, y) ,i=12, nm=1234,..00 are same as

in the case with decoupled plates problem, previous considered in the paragraph VII.
Then after introducing the (111) and (112) into the governing system of coupled
partial fractional order differential equations for free and also for forced double plates
oscillations (91) and by multiplying first and second equation with W, (x,y)dxdy and

after integrating along all surfaces of the plate middle surface area and taking into
account orthogonality conditions (98) and corresponding equal boundary conditions of
the plates we obtain the mn -family of systems containing only two coupled ordinary
fractional order differential equations for determination of the unknown time functions
T(i)om (t) , =12, n,m=1234,..% in the following form:

Ty )+ @y (1+’? HmDe )T(l)nm(t)_
_(a(zl) anm@“) (t): f(l)nm(t)

Ty )+ @y (1+’< 2D )T(an)(t)_

" (113)
(a(ZZ) + a anmg ) ( ): - 1:(Z)nm (t)
nm=1234,...0
where time known function fy),y, (t) and f2)om (t) are defined by following
expressions:
ab
[ [06 Y, t) Wieyom (%, y )exdy
f(l)nm (t)_ 0 ab
J.I [W(l)nm (X’ y)]2 dxdy
00
ab
[ [ 0 Y, 1) Wiy (%, y ey
f(z)nm (t): = (114)

S —y

b
[ W (. Y] axay
0

The system of coupled fractional order differential equations (113) on
unknown time-functions Ty, (t), i=12, nm=1234,.0, can be solved applying

Laplace’s transforms. Upon that fact Laplace transform of solutions is in forms:

©ff 0] 3BT 0)+ T 05801 ]]{p vot {u“wp)}

a)(z)nm

Anm(p
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i Anml (p) [P 00+ i 0)- (t)]]'{aﬁ{l 1 i R(p)}} (115)

eff,,. (0] ﬁ[mm (0)+T (o)—s[f(z)ma)]]{pz ¥ wa)n{l + e R(pﬂ}

a)(l)nm

Anm ( p) w(Z)

where A,,(p) is determinant of the system of equations obtained by Laplace’s

+ # [pT(l)nm (O)+T(I)nm (0)+ g[f(lnm)(t)]] {a(zz){l + a(%)aR( p):|} (1 16)

transform of the system of equations (13):

2, 2 D 2 A1)
P” + Dty 1+—2“"R(p) —-a) 1+~ R(p)
A, (p)= O @y 20117
nm a2 . a)z .
-a}, 1+a(%£R(p) P + @y 1+%R(p)
2) 2)m

2[@{" ['I'(i Jm (t)]] = R(p)2 [T(i Jm (t)] is Laplace transform of a fractional derivative

daT(it—)a"m(t) for 0 < <1. For creep rheological material those Laplace transforms has
the form:
d a-1
LD Ty = RP )Ty ()= —— T30 (0) =
[ t [ (|)nm( )]] (p) [ (|)nm( )] dta_l (l)nm( ) (118)
" d a-1
=p S[T(i)nm (t)]_FT(i)nm (0)
where the initial value are:
a-l1
d T(l Jnm (t) _
- (118a)

dtafl

t=0

so, in that case Laplace transforms of time-functions are given by following
expressions:

1 - ; anm a 2t nm
Q[T(l)nm(t)]: m pz[pT(l)nm (0)+T(1)nm(0)+ 2[.f(l)nm (t)]] {1 + (;)zli p-+ 2(2):|} +
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1 . (02 onm P wZ nm
g[T(Z)nm (t)]: A (p) pz [pT(z)nm (0)+T(2)nm (0)_2[f(2)nm (t)]]{l+ (;))2 |:p * a)(gl)) :|}+
. 1)onm
BT O T 0 el O] a2 7 L 10w
A (p) P o O Tpm o (O P Oy

where A, (p) is determinant of the system equations obtained by Laplace’s transform

of the system equations (13):

COZ a)2 az
p2{1+ (go;nm pe + a)z(l)nm 07 + wgl) .
(1)anm (1)
Anm(p) = a2 w(z a)z 40
a 2)anm a
L pe ] gl e e, b
a)(z)a p a)(z)anm
o] 2 > 2
A (p)= pi 14 Lo | ey Dt 14y, Dol | e P |
p D1} rm p D(2)enm (120a)

5. 3* Vibration modes in dynamics of the homogeneous double plate fractional
order systems.

We can consider these ordinary fractional order differential equations (113)
by new coordinates:

1
é(z)nm (t): _{T(l)nm (t)_T(z)nm (t)} (121)
in the following form

&y )+ @), ( D )Stnm
~(a})+a anmg“)é 0= [funl0)+ 0]
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E(Z)nm (t)+ w(zl)nm (1 + ”;‘a(l)nmgzl )g(z)nm (t)+

« 1
+ (3(21) + 81 D )§(z)nm (t)= 5 [f(l)nm (t)- f2)mm (t)]
For the corresponding linear autonomous eigen frequencies are:
O = D

(122)

- aé) and wfnm = 0)(21)nm + a(zl) , and corresponding solutions can be
expressed by  main  linear  system  coordinates in  the  form:
Tiom (£) = Epm () + Gy () and - Ty () = &y () = £y (). Where with
é:(l)nm (t) and é:(z)nm (t), se denote corresponding oscillatory modes in the linear
system as S (t)= Ciijm cos(a)l_nmt + a(l)nm) and
S(2)m (t) =Chym Cos(calnmt + a(2)nm),. For the linear autonomous system case

C( and Q(s)om are constants depending of initial conditions.

s)nm nm

By introducing following analogous notations: a)lza m = a)(zl)anm

2
- a(l)a and

2

a)ZZa,nm = @(j)omm +a(21)a to the corresponding linear eigen frequencies system of

ordinary fractional order differential equations, (122) can be transform in the
following form:

g(l)nm (t)+ (a)lz,nm + a)lza,nmsta I‘f(l)nm (t)] = % [f(l)nm (t)_ f(s)nm (t )]

) ) 1
g(z)nm (t)+ (a)zz,nm + a)zza,nmgt Ig(z)nm (t )] = E [f(l)nm (t) + f(s)nm (t)] (122a)

where f(l)nm ('[) and f(z)nm ('[) are new unknown coordinates, not as for corresponding

linear system, but new eigen time functions corresponding to eigen amplitude NM -
modes for the transversal vibrations of the double plate homogeneous fractional order
system, as solutions of the previous system (122a), which contain two separate

ordinary fractional order differential equations along only one coordinate é:(l)nm (t) or

§(Z)nm (t) but same type. From this system (122a), we can conclude that for free creep

vibrations system containing two same types of ordinary fractional order differential
equations as it is (11) or (40) or 74) obtained in the previous paragraphs of this paper.
Then we can conclude that solutions of system (122a) equations when external plate

excitations are equal to zero f(l)nm (t)f =0 and f(z)nm ('[) =0 are normal modes of

time functions with creeping properties in the vicinity of pure periodical modes of
corresponding linear modes in the eigen NM -mode. Then also for the free of external

excitation double plate system time modes .f(l)nm(t) and f(z)nm(t) of the
corresponding  eigen time  functions T(l)nm(t)=§(l)nm(t)+ f(z)nm('[) and
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T(z)nm (t) = .f(l)nm (t)— 6(2)nm (t) in the eigen amplitude NM -mode, .is easy to obtain

by expression (99) with spittoon corresponding two eigen frequencies @, ,

i =12 of the corresponding linear system and d corresponding eigen numbers of

creep system properties @ i =12 inthe eigen NM -mode.

ia,nm >
5. 4* Concluding remarks for the double plate fractional order system,

The two coupled partial fractional order differential equations of transversal vibrations
of a creeping connected double plates system have been derived. The analytical
solutions of system coupled partial fractional order differential equations of
corresponding dynamical free and forced processes are obtained by using method of
Bernoulli’s particular integral and Laplace’s transform method.

For analysis we can compare Laplace’s transform for the case of coupled plates (115)
and (116) or (119) and (119a) and for uncoupled plates for creep system in the form:

pTO(i)nm +T0(i)nm
Q{T(i)nm(t)}: N 2] =12, nm=1234,.00 (123)
0|1+ (')Z"m e + (')nm2
p D (i)onm ]

with determinant (120) or (120a) and also corresponding:
2 2 Y]

2 D (i)onm D (i)nm

A(i)nm(p)= P71+ o P+ 2 || i=12,nm=1234,.0 (124)

(i)anm

and for ideal elastic system when =0, and we can conclude the following: It is
shown that the two-frequency-like regime corresponds to one mode vibrations for free
vibrations induced by initial conditions. Analytical solutions show us that creeping
connection between plate caused appearance of like two-frequency regimes of time
function corresponding to one eigen amplitude function of one mode, and also that
time functions of different mn -family vibration modes n,m=1,2,3,4,...00 uncoupled.

It is shown for every shape of vibrations. It is proven, that in one of the mn -family
vibration modes n,m=1,2,34,...0 of the both creep connected plates two possibilities
for appearance of the resonance-like dynamical states are present, and also for
appearance of the dynamical absorption-like, which is also similar to the appearance of
the resonance and second to the dynamical absorption.

6 MULTI PLATE SYSTEM
6.1* Theoretical Problem Formulation and Governing Equations.

For the case that we have a multi plate system, let us suppose that plates are
thin and that it is not the case of deplanation of cross sections in the conditions of the
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creep material. Also, we suppose that cross sections are always orthogonal with
respect to the middle surface (plane) of the plate. If thin plates are creep bent with
small deflection, i.e., when the deflection of the middle surface is small compared to
the thickness h, the same assumption can be made for both plates as in the [Hedrih,
2004c, 2005].

Now, let us consider finite number M of isotropic, creeping, thin plates,
width h;, i=12,...,M , modulus of elasticity E;, Poisson’s ratio g; and shear modulus

G;, plate mass distribution p; . The plates are of constant thickness in the z-direction

(see Fig. 8). The contours of the plates are parallel. Plates are interconnected by
corresponding number M -1 creeping layers with the fractional order derivative
constitutive relations type with constant surface stiffnesses. These creep-layers
connected multiple plate systems are of composite structure type, or of sandwiched
plates, or of layered plates.

The origins of the corresponding number M coordinate systems are M
corresponding sets at the corresponding centres in the nondeformed plates middle
surfaces as shown in Fig. 1. and with parallel corresponding axes. The plates may be
subjected to either a transversal distributed external loads g;(x,y,t), i =1,2,..,M along
corresponding plates external surfaces. The problem at hand is to determine solutions.

The use of Love-Kirchhoff approximation makes classical plate theory
essentially a two dimensional phenomenon, in which the normal and transverse forces
and bending and twisting moments on plate cross sections [see book by Raskovic,
1965; 1985] can be found in term of the displacement w;(x,y,t), i =12,..,M of the
middle surface points, which is assumed to be a function of two coordinates, x and y
and time t, as in the two previous chapters.

The plates are assumed to be with same contour forms and boundary
conditions.

L . E;h’ E,h* . .

et us denote with ®, = o Dy = ,i=12,..,M corresponding
12(1- u 12(1- 1?)
bending cylindrical rigidity of creep plates. For homogeneous and isotropic plates

material with parameters of material creep properties are equal a, =a, =« ; also,

coefficients of rigidity of momentaneous and prolongeous one are: E,, =E,, =E, and
E, =E, =E,in all directions at corresponding point. Coefficients of rigidity of
momentaneous and prolongeous one for creep layer are ¢ and c,, and the parameter
of layer material creep properties is 0 < <1.

Now, by using results of [(Stevanovi¢) Hedrih, 2003; 2004], the relation

between stress components and strain components expressed by corresponding
transversal displacements w(x,y,t) of the corresponding plate middle surface

corresponding point N(x,y,0) and coordinate Z of the corresponding plate point
N (X, Y, Z), than we can write the system of M governing coupled partial fractional

order differential equations of the creep connected multi plate system dynamics
formulated in terms of M unknowns: the transversal displacement w;(x,y,t),
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i=12,..,M in direction of the axis Z, of the plate middle surfaces (see Figure 8) in
the following form.

o (x, y,t)
Fo-Fa IJ/h ) |b | y
a |} \ l Yy \ w(x, y.t
kI S
c aa;g/[:]/nli]_[:]q_t_l[h[j Ad;;o’ wwz(x y,t)
c,ca,awg_q_q_q]_q_]y =

100 0 0007 T
O - TT
T T et

Figure 8. A creeping connected multiple plate system
%-ﬁ-c(){(l-l-lf @“)[AAW (x.y.t)]}-
=g e ey s (o v ) - w (v, = (. v,1)

W +Cj) {(1 + K, D IAAWi (x, y,t)]}+

+a(

w, (%, y,t)

|){(1 + K.;@ta Iwi (X’ y’t)_ Wi—l(xs yat)]}_
- a(i) {(1 + K(igta IWH] (X’ Y, t)_ W, (X’ yvt)]} =
Pl i, i w2 asm, (6.0}

+ a(ZM ){(1 + K.;sta IWM (Xa y’t)_ WM—l (X’ y,t)]}= _GM (X y t)

where ®, [0] is differential operator with fractional order derivative expressed by (2)

(125)
_ai (X’ y’t)

[see Enelund, 1996 and Gorenflo and Mainardi, 2000], defined by material parameter
o, which satisfy the following condition: 0<a <1, @ (x y t) external distributed

transversal loads along corresponding plate corresponding contour surfaces
. D EN

ot Kg=—%, Kg=—%, a(z)—i—azai—lz M-
oy 12/7h(1_# ) 0 oh
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6.2* Method Solution of the Governing Equations.

Solution of previous partial fractional order differential equations (125) can
be looked for by using Bernoulli’s method of particular integrals in the form of
multiplication of two functions as in the two previous paragraphs and in some of
published papers by [Hedrih, 2003; 2004], from which the first Wy(x,y), i =12,..,M
depends only on space.

For the corresponding boundary conditions, the space coordinate own
amplitude functions we denote with Winm (x, y) ,i=12,..,M, nm=1234,..0.These
eigen amplitude functions Wy, (%), i=1,2,..M , n.m=1234,. o satisfy boundary
conditions, and also orthogonality conditions. Also, the corresponding time functions
T(i)nm(t)9i:1,2,-~.,M , n,m=1234,.0 , are expressed in the form of series as it is
known. Kk, are own characteristic number defined as a series of roots of characteristic
equations obtained from corresponding plate boundary conditions, as it is known and
shown in the .one of previous paragraph.

The solutions of the governing system of the corresponding coupled partial
fractional order differential equations (1), we take in the eigen amplitude functions
Wim (x,¥), i=12,..M, nm=1234,. expansions, from solution of the previous
basic problem with decoupled equations, and with time coefficients in the form of
unknown time functions T (t), n,m=1234,., i=12,.,M describing their time

evolution:

W, (X’ y’t) = Z Z W(l)nm (Xa y)T(i)nm (t) si=12,.,M (126)

n=1 m=1
Than after introducing the (120) into the governing system of coupled partial
fractional order differential equations for free and also for forced double plates
oscillations (125) and by multiplying all equations of the system with

W(i)sr (X, y)dxdy and after integrating along all surface of the plate middle surface

and taking into account orthogonality conditions and corresponding equal boundary
conditions of the plates, we obtain the mn-family of the systems containing coupled
only two ordinary fractional order differential equations for determination of the
unknown time functions Tii)om (t), i=12,.,M, n.m=1234,. in the following form:

T(l)nm (t)+ a)(zl)nm (1 + ga(l)nmsta )T(l)nm (t)_
- (a(zl) + 81 D )T(z)nm (t)= fm(t)
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T(i)nm (t)+ 2a)(z')nm (1 + Ka( )nm@a )T(i)nm (t)

(127)
_(a(2|)+a|anm®aIT| 1)n |+1 nm(t)] | ( )
T(M)nm(t)_'_ a)(2 M )nm (1+K' @?)T
_(a(ZM) anmga) M-1) nm(t):_f(M)nm(t)
i=2,..,M —1
where time known function f(i)nm (t), i=12,..,M are defined by following
expressions:
ab
[ T80 Y1) Wi (x, yJexdy
f(i)nm(t): 00 s i=12,..,M (129)

ab
II (i)nm X y]ZdXdy

The system of coupled ordinary fractional order differential equations (128)
on unknown time-functions T(i)nm(t), i=12,.,M, n,m=1234,.0, can be solved

applying Laplace transforms as in the case of the double plate system.

7 CONCLUDING REMARKS

M coupled partial fractional order differential equations of transversal vibrations of a
creeping connected multi plate system have been derived. Analytical solutions of a
system of M coupled partial fractional differential equations of corresponding
dynamical free and forced processes are obtained by using method of Bernoulli’s
particular integral and Laplace transform method.

Also we can consider these ordinary fractional order differential equations (127) by

new coordinates f(s)nm(t), s=1,2,...M ,nm=1234,.0 analogous as in the

paragraph VIIL.3* by using expressions of the dependence between generalised and
main coordinates of the corresponding linear system for free vibrations when

ai(X, y,t) =0, and corresponding eigen frequencies of this linear system. Then we

can transform the system (127) in the form:

é:.(s)nm (t)+ (ws,nm + a)sza,nmgta Ié(s)nm (t )] =

(129)

s=12,...M, nm=1234,.
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where f(s)nm(t), s=12,..M, nm=1234,.0 are new unknown normal

coordinates of the system, not as for corresponding linear system, but new eigen time
functions corresponding to eigen amplitude NM -modes for transversal vibrations of
the double plate homogeneous fractional order system, as solutions of the previous
system (127), which contain M separate ordinary fractional order differential

equations along only one coordinate from the set f(s)nm(t), s=12,...M,

linear combination of functions f(i)nm(t), i=12,.,M, depending on the
corresponding functional form between coordinates — time functions f(s)nm (t),

$s=12,.,M nm=1234,..0 and Tj,(), i=12,..M, nm=1234_ . in the

starting of the coordinate substitution and transformation of the system of ordinary
fractional order equations from (127) to (129).

From this system (129), we can conclude that for free creep vibrations system
contains M number of the same type of ordinary fractional order differential
equations as it is (11) or (40) or (74) obtained in the previous paragraphs of this paper.
Then we can conclude that solutions of the system (129) of equations when external

plate excitations are equal to zero ﬁi(x, y,t) =0 are M normal modes of the time
functions Tiiym (t), i=12,...,M, nm=1234, 0 with creeping properties in the
vicinity of the pure periodical modes of the corresponding linear modes in the eigen
NM -mode.

By using trigonometric method and solution of the system of algebra equations in the
form A =Csinkg , we can obtain that 0, =T\/Ii’ S :1,2,3,4,....,(M _1), and that the

determinant A, (p) of the nm-family of the system equations obtained by Laplace

transform of the system equations (128) can be obtained as one of main results of this
investigation in the form:

1 B s=M-1 1
A(M)(p) R o 2
nm S p2 + 2a)n2m 1+ zzznm pa _2a2 1+a7(); pa Cossi
o o M

This form is suitable for obtaining separate simple members of expression of solutions
with simple way of the inverse Laplace transform application.

Analytical solutions show us that creeping connection between plates in M -multi
plate system caused appearance of like M -frequency regimes of time function
corresponding to one eigen amplitude function of one NM -mode, and also that time
functions of different mn -family vibration modes n,m=1,2,3,4,...c0 are uncoupled for

considered multi plate system.
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It is shown for every shape of vibrations. It is proved that in one of the mn -family
vibration modes n,m=1,2,3,4,...0 of the all M -creep connected plates are present M
possibilities for appearance of the resonance-like dynamical states, and also for
appearance of the dynamical absorption-like.

Chain dynamics of the homogeneous system — sandwich multi beam, multi plate
systems as well as multi pendulum system are investigated by using mathematical
analogy and phenomenological mapping.
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